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Abstract. Lejeune- Jalabert showed that the fundamental class of a Cohen-Macaulay 
f— ^ , ideal a C Co admits a representation as a residue, constructed from a free reso- 

r*0 ■ lution of o, multiplied by a certain differential form coming from the resolution. 

We give an explicit description of this differential form in the case when the free 
O ,. resolution is the Scarf resolution of a generic monomial ideal. As a consequence 

^* ■ we get a new proof and a refinement of Lejeune- Jalabert 's result in this case. 



ON 



1. Introduction 

In |L-J| Lejeune- Jalabert showed that the fundamental class of a Cohen-Macaulay 
^J ideal a in the ring of germs of holomorphic functions Oq at G C n admits a repre- 

sentation as a residue, constructed from a free resolution of o, multiplied by a certain 
differential form coming from the resolution, see also IL- J2|, IAL-JI . This represen- 
tation generalizes the well-known fact that if a is generated by a regular sequence 
/ = (/l,---,/n), then 

(1.1) res f (df n A • • • A dh) = j-±— [ ff" A --^ d /i = dimc(O /a), 

(2m) a J T f n ---fi 
^ ' 

where res/ is the Grothendieck residue of /i, • • • , f n an d r = {\fj\ = e} for some e 

such that fj are defined in a neighborhood of {|/j| < e}, see |GHl Chapter 5.2]. 

We will present a formulation of Lejeune-Jalabert's result in terms of currents. 
t^J- | Recall that the fundamental cycle of a is the cycle 



[a] =^2m j [Z j ], 

where Zj are the irreducible components of the variety Z of a, and rrij are the geo- 
metric multiplicites of Zj in Z, defined as the length of the Artinian ring Oz-,z, see ! 
e.g., IF, Chapter 1.5]. In particular, if Z = {0}, then [a] = dim c (0o/a)[{O}]. J 
Assume that 

(1.2) o^ Ep ^...^E 1 ^E 

is a free resolution of of Oo/a of minimal length p := codim o; here the Ek are free 
0o- mc, dules and Eq = Oq. In |AW| . together with Andersson we constructed from 
(|l,2p a (residue) current R, which has support on Z, takes values in E p , and is of 
bidegree (0,p). If (|1.2p is the Koszul complex of a regular sequence / = (/]_, . . . , f p ), 
then R coincides with the Coleff-Herrera residue current R CH = d[l/fx]/\- ■ -Ad[l/fp] 
of /, introduced in |CHj . Given bases of Ek, let dipk be the Hom(£'fc,£'fc_i)-valued 
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(l,0)-form with entries {dp^jij = d(ipk)ij if {'■Pkjij are the entries of ip^ and let dip 
denote the E^-valued (p, 0)-form 

dip := dpi o • • • o dp p . 

Now, identifying [a] with the current of integration along [a], see, e.g., [DJ Chap- 
ter III.2.B], our current version of the theorem in |L-J| states that [o] admits the 
factorization 

(1.3) \a] = -r, ^dpoR. 

v ' L J p\(-2iri)P r 

In particular, the right hand side is independent of the choice of bases of E^. 

If o is generated by a regular sequence / = (/i, . . . , f p ) and (jl.2p is the Koszul 
complex, then dip = pldf p A • • • A df\ and thus (|1.3p reads 

(1-4) M = J2^ R CH A 4f P A • • • A d/i, 

cf. (|1.1|) : this factorization appeared already in |CH| . see also [DPJ. A special case is 
the Poincare-Lelong formula: if / G Co, then 9[1//] Adf = 2m[f = 0], where [/ = 0] 
is the current of integration along the zero set of /, counted with multiplicities. 

The factorization (|1.3p can be obtained from Lejeune-Jalabert's original result 
using residue theory. In a forthcoming paper [LW2j with Larkang we give a proof of 
(|l,3p . which does not rely on |L-J| and which extends to equi-dimensional ideals (i.e., 
all minimal primes are of the same dimension) . 

In [LW2] and |L-J| . the factorization (ll.3p is proved by comparing R and dip to a 
residue and differential form constructed from a certain Koszul complex; in [LW2J this 
is done using a recent comparison formula for residue currents due to Larkang, [L]. 

To explicitly describe the factors in ([1.3p seems to be a delicate problem in general. 
In this note we compute the form dip when a is a monomial ideal. More precisely, let 
A be the ring Oq of holomorphic germs at the origin in C n with coordinates z\,...,z n , 
or let A be the polynomial ring C[z\, . . . , z n ]. We give an explicit description of the 
form 

dipi , dp. 

a dz a{1) oz a{n) 

when ()1.2p is the Scarf resolution, introduced in |BPS| . of an Artinian, i.e., zero- 
dimensional, generic monomial ideal M in A, see Section [3] for definitions. Here the 
sum is over all permutations a of {1, . . . ,n}. It turns out that each summand in 
(|l,5p is a vector of monomials whose coefficients have a neat description in terms 
of the so-called staircase of M and sum up to the geometric multiplicity of M, see 
Theorem II .11 below. This can be seen as a far-reaching generalization of the fact that 
the coefficent of dz a equals a, which is the geometric multiplicity of the principal 
ideal (z a ), cf. Example 15.11 below. Thus in a certain sense the fundamental class 
of M is captured already in the form dip. In the case of the Scarf resolution we 
recently, together with Larkang, |LW] . gave an complete description of the current 
R. Combining Theorem 1 1 . 1 1 b elow with Theorem 1.1 in [LW] we obtain new proof of 
(|l,3p in this case, cf. Corollary 11.21 below. 

Let us describe our result in more detail. Let M be an Artinian monomial ideal in 
A. By the staircase S = Sm of M we will mean the set 



(1.5) dp = Y] T^-dz a(1) o • • • o -^-dz a{n) 



(1.6) S = {(x 1 ,...,x n )e-Rl \z[ Xll ---zl l Xnl ^M}CR". 
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The name is motivated by the shape of S, cf. Figures 5.1, 5.2, and 6.1. We will refer 
to the finitely many maximal elements in S as outer corners. 

The Scarf resolution E 9 ,(p 9 of M is encoded in the Scarf complex, Am , which is 
a labeled simplicial complex of dimension n — 1 with one vertex for each minimal 
monomial generator of M and one top-dimensional simplex for each outer corner of 
S, see Section [3j The rank of Ek equals the number of (k — l)-dimensional simplices 
in Am- In particular, E 9 ,ip, ends at level n and the rank of E n equals the number 
of outer cornes of S. Thus dip is a vector with one entry for each outer corner of S. 

For our description of dip we need to introduce certain partitions of S. Given 
a permutation a of {l,...,n} let > a be the lexicographical order induced by a, 
i.e, a = (ai,... ,a n ) > a j3 = (/3i, . . . ,/3 n ) if (and only if) for some 1 < k < n, 
a a(£) = Pa(£) for ^ < A; — 1 and a a ^ > f5 ff nA, or a = (3. If a ^ (3 we write a > a [3. 
Let a 1 > ff . . . > a a be the total ordering of the outer corners induced by > CT , and 
define inductively 

Satet 1 = { x € S | x < a{\ 

S ff ,a k = i x G S\(S*,ai U--- US a k-i) | x < a k } 



For a fixed a, {S at0i } a provides a partition of S, cf. Section [2J 

Theorem 1.1. Let M be an Artinian generic monomial ideal in A, and let 

(1.7) ^ En ^...^E 1 ^E 
be the Scarf resolution of A/M. Then 

(1.8) - — —dz a{1) o • • • o - — —dz a{n) = V sgn(a) \o\(S^ a )z a - 1 dze* a 

where the sum is over the outer corners a of S, sgn(a) = ±1 comes from the ori- 
entation of the Scarf complex, {e* } is a basis for E*, dz = dz n A • • • A dz\, and 
z *-i = z *i-i . . . z%n-i if a = (ai,...,a n ). 

Theorem 1.1 in |LWj asserts that the residue current associated with the Scarf 
resolution equals 

(1.9) R = ^2sgn(a)8 

a 

where {e a } is the basis of E n dual to {e* }. Since z a ~ 1 8{l/z a ] = [z = 0], cf. (jl.4j) . we 
conclude from (|1.7p and (|1.8p that 

d aV oR = (-27ri) n J^Vol(5 ffiQ )[0] = (-2iri) n Vol(5)[0], 

a 

where d a ip denotes the left hand side of (|1.8p . Note that Vol(S') equals the number 
of monomials that are not in M. Since these monomials form a basis for A/M, 
Vol(5) = dime (Oq /M). Hence we get the following refinement of (11.311 . 
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Corollary 1.2. Let M and (jl.7p be as in Theorem \1.1\ and let R be the associated 
residue current. Then 

J^dz a{1) A • • • A ^-dz <n) o R = (-2m) n [M\. 

Summing over all permutations a we get back (|1.3p . 

The core of the proof of Theorem 11.11 is an alternative description of the S ff}a as 
certain cuboids, see Lemma [4, II Given this description it is fairly straightforward to 
see that the volumes of S ata are precisely the coefhcents of the monomials in d a ip. 

We suspect that Theorem 11,11 and Corollary 11.21 extend to a more general setting 
than the one above. Indeed, if M is an Artinian non-generic monomial ideal, we 
can still construct the partitions {S at0i } a . The elements S ff}a will, however, no longer 
be cuboids in general. Also, the computation of dip is more delicate in general. In 
Example 16.11 we compute dip for a non-generic monomial ideal for which the hull 
resolution, introduced in |BSJ, is minimal, and show that Theorem 11.11 holds in this 
case. On the other hand, in Example 16.21 we consider an example where the hull 
resolution is not a minimal resolution and where Theorem 1 1 . 1 1 fails to hold. However, 
for all examples we have considered Corollary 1 1 . 21 does hold, which raises the question 
whether it is always true that 

(1.10) P^dz u{l) o • • • o -p^dz a{n) o R = (-2tu)>]. 

az a{X) oz a{n) 

We do not know whether the proofs of (|1.3p in |LW2| and |L-J| could be modified to 
answer this question. 

The paper is organized as follows. In Section [2] and [3] we provide some background 
on staircases of monomial ideals and the Scarf complex, respectively. In Section [3] we 
also present a version Theorem 13. II of Theorem 11.11 where we specify the sign sgn(a). 
The proof of Theorem I l.ll occupies SectionH]and in Section[5]we illustrate the proof by 
some examples. Finally, in Section [6] we consider resolutions of non- generic monomial 
ideals and look at some examples. 

Acknowledgment. I want to thank Mats Andersson, Richard Larkang, and Jan 
Stevens for valuable discussions. 

2. Staircases 

We let > denote the standard partial order on R™, i.e., a = (ax, . . . ,a n ) > b = 
(pi, . . . ,b n ) if and only if ae > bi for all £. If ae > be for all £ we write a y b. 
Throughout we let A denote the ring C [zx , . . . , z n ] or the ring of holomorphic germs 
at G C"j Zn . For a = (ax, ■ ■ ■ ,a n ) G N 71 , where N = 0,1,..., we will use the 
short hand notation z a for the monomial z" 1 • • • z^ n in A. For a general reference on 
(resolutions of) monomial ideals, see, e.g., [MSJ 

Unless otherwise stated M will be a monomial ideal in A, i.e., an ideal generated 
by monomials, and S will be the staircase of M as defined in (|1.6f> . We let dS denote 
the boundary of S and and S c = R"o \ & ^ ne complement of S in R™ - ^ s in the 
introduction we will refer to the maximal elements of S as outer corners. The minimal 
elements of the closure S c of S c in R n we will call inner corners. 

One can check that for any monomial ideal M there is a unique set of exponents 
B C N" such that the monomials {z a } a ^B generate M. We refer to these monomials 



ON THE FUNDAMENTAL CLASS 5 

as minimal monomial generators of M. Moreover 
(2.1) S = R" \U(a + R>o)- 

a&B 

In particular, the inner corners of S are precisely the elements in B. 

Dually, M can be described as an intersection of so-called irreducible monomial 
ideals, i.e., ideals of the form (z^ 1 , . . . ,z®") =: m a (more generally an ideal is irre- 
ducible if it can not be written as a non-trivial intersection of two ideals). For every 
monomial ideal M there is a unique minimal set C C N n such that 



(2.2) M = f| 



m . 

The ideal M is Artinian if and only if each a G C satisfies a y {an > for each £) . 
If a y 0, then note that a monomial z b G - m a if and only if b -< a. It follows that 

(2.3) S = [j {x G R^ | x < a}. 

In particular, the outer corners of S are precisely the elements in C. If M is not 
Artinian, then S is not bounded in R n and the representation (|2.3p fails to hold. 
Note that (|2.3p guarantees that for a fixed a, {S at0t } a , as defined in the introduction, 
is a partition of S. 



Inspired by (|2.ip we will call any set of this form a staircase. Let H be an affine 
subspace of R" spanned by an affine sublattice L of Z n . For a G L let U a = U% = 
{x G H | x >- a}. Note that C/^" is just the first (open) orthant R> m R n - We say 
that a set 5* C // is a staircase if it is of the form 

s 

S = U a o \ [J Ck 

i=i 

for some a , a , . . . , a s G L. We say that ao is the origin of 5 and that a , . . . , a s are 
the inner corners of 5". We call the maximal elements of S the outer corners of 5. 
Since L is a lattice, the outer corners are in L. 

Assume that L has rank k and that p : L — > Z is a lattice isomorphism that 
maps a to G Z . Let M(S) be the monomial ideal in C[zi, . . . , Zk] (or the ring of 
holomorphic germs at G C^ ... z .) that is generated by y z p ( a ', where o J are the 
inner corners of S. Then the staircase of M(S) equals p(S). 

For a G L, let V a = V^ = {x G H \ x < a}. If M(S) is Artinian, then S admits a 
representation analogous to (|2.3p . 



(2.4) s = [/ a c,nljK*, 



where the union is taken over all outer corners of S. In particular, 5 is a lower set 
in U a o: if x G S, then {y G U a o \ y < x} C S. 

3. The Scarf complex 

For a, b G R n , we will denote by a V 6 the join of a and 6, i.e., the unique c such 
that c> a,b, and c < d for all d > a,b. 

Let M be an Artinian monomial ideal in ^4, with minimal monomial generators 

It 

mi = z a , . . . , m r = z a . The Scar/ complex A = Am of M was introduced by 
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Bayer- Peeva-Sturmfels, [BPS], based on previous work by H. Scarf. It is the col- 
lection of subsets X = {i\, . . . ,1^} C {1, . . . , r} whose corresponding least common 
multiple mx '■= lcm(mj 1; . . . ,m,i h ) = z a 1V ' Va k is unique, that is, 

A={Ic {l,...,r}\m T = mz' ^1 = 1'}. 

Clearly the vertices of A are the minimal monomial generators of M, i.e., the inner 
corners of Sm- One can prove that the Scarf complex is a simplicial complex of 
dimension is a most n — 1. We let A (A:) denote the simplices in A with k vertices, 
i.e., of dimension k — 1. Moreover we will label the faces X C A by the monomials 
mx- 

We will sometimes be sloppy and identify the faces in A with their labels or expo- 
nents of the labels and write mj or a for the face with label mj = z a . This means 
we will sometimes also write {z a , . . . , z a k } or {a* 1 , . . . , a lk } for X = {i±, . . . , i^}. 

The ideal M is said to be generic in the sense of |BPS, MSY| if whenever two 
distinct minimal generators mj and rrij have the same positive degree in some variable, 
then there is a third generator n%k that strictly divides niujy, which means that m^ 
divides muj\/zt for all variables zg dividing mu ,-i. In particular, M is generic if no 
two generators have the same positive degree in any variable. 

If M is generic, then A has precisely dimension n — 1; it is a regular triangulation 
of the (n — l)-dimensional simplex. The (labels of) the top-dimensional faces of A 
are precisely the exponents a in a minimal irreducible decomposition f)2.2[) of M, i.e., 
the outer corners of Sm- 

For k = 0, . . . , n, let E\. be the free A-module with basis {ex}xeA(k) an d let the 
differential (p/- : E^ —t E^_\ be defined by 



k 



(3.1) Vfc : ex _> £(_i 



-i rn x 



-ex,, 
m x , 

j = l 3 

where Xj denotes {i\, . . . , ij_i,ij + \, . . . , i^} if X = {i\, . . . , i^}- Then the complex 
E, , 93, is exact and thus gives a free resolution of the cokernel of (p$ , which with the 
identification Eq = A equals A/M, see [BPS, Theorem 3.2]. In fact, this so-called 
Scarf resolution is a minimal resolution of A/M, i.e., for each k, (fk maps a basis of E^ 
to a minimal set of generators of Imysfc, see, e.g., [Ej Corollary 1.5]. Originally, in 
[BPSJ, the situtation A = C[z\, . . . , z n ] was considered. However, since Oq is flat over 
C\z\, ■ ■ ■ ,z n ], see, e.g., [T] Theorem 13.3.5], the complex E t ,(p, is exact for A = Oo 
if and only if it is exact for A = C[z±, . . . , z n ]. 

Let T = {i\, ... ,i n } be a top-dimensional simplex in A with label a. Then there 
is a permutation n of {1, . . . , n} such that for 1 < i < n there is a unique vertex i^ii) 

of X that satisfy ag = aP ; we will refer to this vertex as the xg-vertex of X. To see 
this, first of all, since a = lcm(a J ), a\ < oli and there must be at least one vertex i of 
X such that a^ = ae- Assume that i and j are vertices of X such that a\ = a\ = ag. 
Then, since M is generic, there is a generator z b of M such that b strictly divides 
a 1 V a J . But then a 1 V a J = a 1 V a 3 V b and so {i,j} is not in A, which contradicts 
that i and j are both vertices of X. We can now specify the sign in Theorem 11.11 Let 
sgn(?7) denote the sign of the permutation n. 
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Theorem 3.1. Let M and (jl.2p be as in Theorem \1.1[ Then, using the notation 
from Theorem \l.l\ 

d a ip = ^2sgn(n)Vol(S (7:a )z a ~ 1 dze* a . 

a 

Also the sign in ([1.9p equals sgn(r/), see |LW1 Theorem 5.1]. We should remark 
that we use a different sign convention in this paper than in |LW| . which essentially 
corresponds to a different orientation of the (n — l)-simplex or to a different choice 
of bases for the modules E& , cf . |AW} [LW2J . In this paper we will use the convention 
that if (|1.2p is the Koszul complex, then the coefficient of the only basis element of 
E n is <9[l//i] A • • • A B[l/f n ], whereas in [LW] it equals 8[l/f n ] A • • • A d[l//i]. 

3.1. The subcomplex A CT a i __ a k. Given a permutation a of {1, . . . , n}, and vertices 
a 1 , . . . ,a of A, let A CTa i a k be the (possibly empty) subcomplex of A, with top- 
dimensional simplices a that satisfy a a i(\ = aA/n for £ = 1, . . . , k. In other words, 

the top-dimensional simplices in A cra i a k are the ones that have a as x^^-vertex 
for £ = 1, . . . , k. 

Note that for each choice of permutation a, k € {1, . . . , n}, and a £ A(n) there 
is a unique sequence a 1 , . . . , a such that a £ A CTa i a k. Moreover, A CTa i a n is the 
unique simplex a € A(n) that satisfies a^« = a CT (£) for £ = 1, . . . , n. 

We will write A* 1 k for the subcomplex of A CTa i a k consisting of all faces 
in A cra i a k that do not contain a ,,..., a • , or a . Note that since A CTa i a k is 
simplicial, {b 1 , . . . , 6^} is a face of A* j k if and only {a 1 , . . . , a fc , 6 1 , . . . , 6^} is a 
face of A^ a fc. 

4. Proof of Theorem 11.11 

To prove the theorem we will first give an alternative description of the S a>a as 
certain cuboids. Througout this section we will assume that E 9 ,(p 9 is the Scarf 
resolution of a generic monomial ideal and we will use the notation of last section. 

Lemma 4.1. Assume that a is the label of the face I = {ii, . . . ,i n } € A(n). Let rj 
be the permutation of {1, . . . , n} such that i^r^ is the xi-vertex of a and set r = r/ocr. 
Then S^a is a cuboid with side lengths 

%{l) ' (° iT(1) V fliT(2) ~ aiT(1) L( 2 )' • • • ' ( fliT(1) v • • • v aiT(n) ~ « ir(1) V • • • V a^- 1 )) ff(ny 
In particular, 

Vol(S ff! a) = <C(i) x (« ir(1) v « iT(2) -a iT(1) ) CT ( 2 ) x " " " x ( fliT(1) V ' • -Va^M-aM 1 ' V- • •Va i ^"- 1 )) (r(n) . 

4.1. Proof of Lemma 14.11 To prove the lemma, let us first assume that a is the 
identity permutation and write S a = S Uta , A a i a k = A CTa i a fe, and A* x fc = 

A* 

o-ja 1 ,...^" 

We will decompose S in a seemingly different way. First we will construct certain 
lower-dimensional staircases with corners in A. Given an inner corner a = (oi, . . . , o n ) 
of S let 

R a = {% £ S \ xi = a\, X£ > ai, £ = 2, . . . ,n}. 

Note that i? a C dS. 
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Claim 4.2. Let S be the staircase in R™ Xn of an Artinian generic monomial ideal, 
and let a be an inner corner of S. Then R a is a staircase in the hyperplane {x\ = a\} 
with origin a. The outer corners of R a are the top- dimensional faces of A a . The 
inner corners are the lattice points aVfe, where b is a vertex in A*. 

In particular R a is empty precisely if A* is empty. 

Proof. Assume that f3 = {/3x, . . . ,/3 n ) is maximal in R a . Since R a C {x\ = a\}, 
f3\ = a\. Moreover, since S is a lower set, there is a 7 > /3 that is maximal in S. 
Assume that 71 > a\. By the definition of R a , "fi > fii > ag for £ = 2, . . . , n and thus 
7 >- a, which contradicts that 7 G S. Hence 71 = a± and since 7 > f3 > a, 7 G R a 
and thus 7 = /?, so, in fact, f3 is maximal in S. Since /3i = a±, we conclude that 
(3 G A (n). 

On the other hand, if f3 G A a (n), then f3 is maximal in S and contained in R a , and 
thus is maximal in R a . Thus we conclude that the maximal elements in R a are the 
top-dimensional faces of A a . 

Since S is a lower set, 

Ra = {x I x\ = 01, xt > ag, £ = 2, . . . , n} D M {x | x < /3}, 

/36A a (n) 

which in light of (|2.4p means that R a is a staircase in {x\ = a\} with origin a and 
outer corners A a (n). 

Next, assume that /3 = (a\, 02, ■ ■ ■ , /3 n ) is minimal in i?£ := S c n {xi = ai}. 
Then there is a minimal b = (b\, ... ,b n ) < /3 in S" . Assume that bj < /3j for some 
j = 2, . . . , n. Then (a V b) G i?„ and a V 6 < /3, which contradicts that f3 is minimal 
in Re. Thus we can conclude that bi = fy for £ = 2, . . . , n; in particular, /3 = a V 6. 
Since /3 is minimal in i?^, (3 and thus 6 divide at least one a G A a (n). It follows that 
6GA*(1). ' _ _ 

Conversely, pick b G A*(l). Then j3 := a V b G S c l~l {xi = ai} = i?g. Assume 
that /3 is not minimal in i?£. Then there is a 7 = (01,72, . . . ,7 n ) 7^ /3 such that 
7 < /3, and as above a minimal c < 7 in S c of the form c = (01,72, . . . ,7n)- Now 
lcm(z a , z b , z c ) = lcm(z a ,z b ), which contradicts that {a, b} G A a C A. Hence /3 is 
minimal in R^. We conclude that the inner corners of R a are exactly the lattice 
points a V b, where b G A*(l). 

□ 

Let 7T : R£ a , n — >■ R™" 1 . Xn be the projection 7r : (xi, . . . , x n ) i-> (x2, • • • , x n ) and 
let /? : R" j. — > R"7... Xn be the affine mapping defined by /o(x) = vr(x — a). Then 
the restriction to {xi = a±} n Z n is a lattice isomorphism that maps a to G Z n_1 . 
Let M a be the monomial ideal in C[z2, ■ ■ ■ ,z n ] (or the ring of holomorphic germs at 
G C™ 2 -1 Zn ) defined by R a and p as in Section [2j 

Note that Claim 1131 implies in particular that if for b G A a (l), (62, ■ ■ ■ ,b n ) > 
(02, . . . , a n ) and thus p(a V 6) = p(6). Thus, in fact, M a is generated by p(b), where 
b is a vertex of A*. 

Claim 4.3. M a is a generic Artinian monomial ideal. 

Proof. First, M a is Artinian since R a is bounded. 

To show that M a is generic, assume that /3 and 7 are minimial generators of M a 
such that fii = "fi for some 2 < £ < n. Then /3 = pip) and 7 = p(c) for some minimal 
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generators b and c of M. Note that fy = 7^ is equivalent to bi = q. Since M is 
generic there exists a minimal generator z d of M that strictly divides lcm(z b , z c ), i.e., 
d e < (bVc) e for all £ such that (6 V c) £ > 0. Set 5 = p(d). It follows that 5 e < {Pvrfe 
for all £ such that (/3 V 7)^ > 0. so that z strictly divides lcm(z^, z" 1 ). 

Assume that z ^ M a . Then there is an outer corner of R a , i.e., a G A a (ra), with 
vertices a and, say, a 2 , . . . , a n , such that <5 < p{o). It follows that lcm ( z , z a ,z a , . . . ,z a 
lcm (z a , z a , . . . , z a "), which contradicts that a € A. Therefore z G M a and we con- 
clude that M a is generic. □ 

Claim 4.4. T/ie Scarf complex Ajv/ a 0/ M a equals A* 6ut wii/i a different labeling. 
More precisely, Aj\,/ a consists exactly of the faces of the form {/^(o 1 ), . . . , p{V)}, where 
{ft 1 , . . . , &■?} is a /ace of A*. 

Proof. We have seen above that the minimal generators of M a are precisely the mono- 
mials of the form z p ( b ' , where b f ~ is a vertex of A* . Thus it suffices to prove that the 
least common multiple of p(z b ),..., p{z bJ ) is unique if and only if the least common 
multiple of z , . . . , z is unique, or equivalently that p{b l ) V • • • V p{V) is unique if 
and only if b 1 V • • • V W is unique, when IP are among the vertices of A*. Now, since 
p is a lattice isomorphism, p{b l ) V • • • V p{V) = p(a V 6 1 ) V • • • V p(a V b 3 ) is unique 
if and only if (a V 6 1 ) V • • • V (a V b 3 ) = a V b 1 V • • • V W is unique. However, since 
b e € A*(0), a V b 1 V • • • V W is unique if and only if b l V • • • V V is unique. 

□ 

Claim 4.5. Assume that a^b are inner corners of S. Then n(R a ) C]tt(Ri ) ) = 0. 

Proof. We first assume that a\ 7^ 61 and that 7r(R a ) n ir{Rb) 7^ 0; pick /3 G ir(R a ) n 
7r(i?^). Without loss of generality we may assume that ai > 61. Since /3 G ir(Ri ) ), 
f3j > 6j for j = 2, . . . , n and thus 7 := (ai, /?2, • • • , /?n) is contained in the interior of 
S c . On the other hand, /? E Tr(R a ) implies that 7 G i? a C dS. Thus 7r(i? a )n7r( J R 6 ) = 
if a\ ^ b\. 

Next, assume that a\ = b\ and that vr(i? a ) Pi ir(Rb) 7^ 0. Since R a and Rj, are 
both contained in the hyperplane {x\ = ai}, Tr(R a ) Dn^R^) 7^ is equivalent to that 
R a fl Rb 7^ 0. Assume that /3 G R a D Rb- Since M is generic there is a minimal 
generator z c that strictly divides lcm(z a , z b ). It follows that /3^ > C£ for £ = 1, . . . , n, 
and thus f3 is contained in the interior of S c , which contradicts that /3 G R a (1 Rb- 
Thus we have proved that Tr(R a ) (1 7r(i?(,) = when a ^ b. □ 

Claim 4.6. For eac/i x G S, there is an inner corner a of S such that tt(x) G ir(R a ). 

Proof. Assume that x G S. Then there is a minimal generator z a , such that Tr(x)i > 
7r(a)i for £ = 2, . . . , n. Indeed, since M is Artinian, there is a minimal generator of 
the form z® 1 , whose exponent is mapped to the origin in R n . 

On the other hand, since M is Artinian, if ir(b) is maximal among the images it (a) 
of inner corners a, then in fact the xi-coordinate of 6 is zero, which implies that tt(x)( 
cannot be greater than ir{b)i for all £ = 2, . . . , n. 

Now the claim follows from the following fact, which is a consequence of Claim l4~2l 
each £ G R n_1 , such that ^ > ir(a)i for £ = 2, . . . , n is in ir(R a ) unless ^ > 7r(b)i for 
£ = 2, . . . , n for some inner corner b such that ir(b) > 7r(o). 

□ 
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Next, we will use the staircases R a to construct a partition of S. For each inner 
corner of S, let 

P a = {X G S I 7T(s) G 7T(i? a )}. 

In other words, P a consists of everything in S "below" the staircase R a . By a slight 
abuse of notation, P a =]0, a{\ x i? a . From Claims |4"31 and 14,61 it follows that the 
(non-empty) P a give a partition of S. Note that P a is a staircase itself with origin 
7r(a), outer corners a G A a (n), and inner corners a and 7r(fe), where 6 is a vertex of 
A* and where we think of 7r(R™) as embedded as the hyperplane {x\ = 0} in R n . 

Claim 4.7. If a € A(n) is contained in A a , then S a C Pa- 
Proof. First, note that 
(4.1) S a = {x<a}n(s\ \J Sp)c{x<a}n(s\ \J S f: 

Next, let /3 be an outer corner of S such that /3i > ct\. Assume that x G P a 
satisfies x < j3. Then fy > xi > at for £ = 2, . . . , n. Hence fy > ag for t = 1, . . . , n, 
which contradicts that a is an inner corner of S. Therefore Sp n P a = 0, and hence 
P a C \S\ |L >Q Sp). If a G A a , then from Claim H~2l we know that a is contained 
in P a and since P a is a lower set we conclude that the rightmost expression in (|4.ip 
is contained in P a ; in particular, S a C P a . 

D 

Next, we will inductively define staircases and partitions associated with faces of 
A of higher dimension. Given vertices a 1 ,..., a of A, (such that A a i a k-i is 
nonempty) and an inner corner a of A*! k _ 1 , assuming that R a i a k-i is defined, 
we let 

Ra 1 a k := i x ^ Ra 1 a k - 1 I x k = (o V- • -Va )fc, Xj > (a V- • • Va )j, J = fc+1, . . . , n}. 

Let 7T fc : R£ u _ )Xn -> R^ ^ be the projection vr fc : (x x , . . . ,x n ) h-> (x fc+ i, . . . ,x n ), 
and let p k : R™ — >■ R™~ z n be the affine mapping defined by p k : x i— >• 

vrfc(x — a 1 V • • • V a fc ). Then note that the restriction to .ffj. n Z n , where -H^ is the 
codimension /c-plane 

#fc = {xi = (a 1 V--- Va fc )i,...,x fc = (a 1 V • • • V a k ) k } 

is a lattice isomorphism that maps a 1 V • • • V a k to G Z n ~ fc . Note, in light of Sec- 
tion (3TTJ that in fact H k = {x\ = a\, ... ,Xk = a,^}. Moreover, let u k : R™~ fc ... x — >■ 
R 2i,...,x„ be the embedding i k : (x k +i, ■■■,x n ) (->• (0, . . . ,0,x fc+ i, . . . ,x n ). We will 
somewhat abusively denote by p~^ the mapping p^ : R" _fc Xn — > R™ Xn that 
maps x to ifc(x) + a 1 V • • • V a . The notation is motivated by the fact that p^ o p^ 
is the identity on H k and p k o p^ is the identity on R n . 

Claim 4.8. Assume that a , . . . ,a are inner corners of S, such that a? is in A a i aJ -i 
for j = 2,...,k. Then R a i a h is a staircase in H k . The origin of R a t a h is 
a 1 V • • • V a k , the outer corners are the top- dimensional faces of A a i a k and the 
inner corners are the lattice points of the form a 1 V . . . V a k V b, where b is a vertex 
of A* x k . 
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The monomial ideal M a i a k defined by R a i a k and pk as in Section is an 
Artinian generic monomial ideal. The Scarf complex of M a i a k is equal to A* ± k , 

with the face with label a relabeled by Pk{o>) = pk{a} V • • • V o V a). 

Proof. First, it is clear from the definition that R a i a k is contained in Hk- 
Assume that the claim is true for k — 1. 
To show that R a i a k is a staircase, apply Claim EOI to the staircase 5 := pk-\{R a i 

of M a i a k-i in R™~ + x„ an d the inner corner a := pk-i{a} V • • • V a ) of S. We get 
that 

Ra = {x £ S \ Xk = ak, X£ > ag,£ = k + 1, . . . ,n} 

is a staircase in the hyperplane {xk = a/%} with origin a. The outer corners of R a are 
the top-dimensional faces of the subcomplex A^ of Am . . , , which consists of the 
top-dimensional faces of Am whose a^-vertex is a. The inner corners of R a 

are the lattice points o V b where b is a vertex of A„ not equal to a. 

Note that p k ~_ 1 (Ra) = Ra 1 a k - Moreover, note that a is a top-dimensional simpex 
in A„ if and only if p k ~_ 1 (a) is a top-dimensional simplex of A tt i a k, and b : = 
Pk-i( al V • • • V a k V b) is a vertex of A^ if and only if b is a vertex of A a i a k . 

It follows that R a i a k is a staircase in R™ with origin p^_ 1 (a) = a 1 V • • • V a , 

outer corners a £ A a i a k(n) and inner corners pZAci V b) = a 1 V • • • V a k V b, where 

b is a vertex of A*i k . 
a x ,...,a K 

Let p' : R%~ k +x n -> R xr+ fc i,...,x„ be the affine ma P p' '■ (x k ,...,x n ) ^ (x k+1 - 
a k +i, . . . , x n —a n ). Then the restriction to {x k = aJflZ'""^ 1 is a lattice isomorphism 



..a 



k 



that maps a to € Z n . Note that pk = p o p k -\- It follows that M a i 

is the ideal defined by Ra and p' as in Section [2] and thus by Claim 14.31 it is an 

Artinian generic monomial ideal. Moreover the generators of M a i a k are precisely 

p'(a V b) = pk{a l V • • • V a k V 6), where b € A a i a k(l). Recall from the text after 
Claim |U that p'(a Vb) = p'(b). Thus 

Pkia 1 V • • • V a k V b) = p'(b) = p'ipk-iia 1 V • • • V a*" 1 V b)) = p'(p k -i(b)) = p k (b) 

where we have used the induction hypothesis that the claim holds for k — 1 for the 
third equality. By arguing as in the proof of Claim l4~4l one sees that pk{b l )\/ ■ ■ -\/ p k {V) 
is unique if and only if b 1 V • • • V V is unique. Thus the Scarf complex of M a \ a k is 
of the desired form. 

□ 

To construct the partitions associated with the staircases R a i a k, we define in- 
ductively 

P a\...,a* = {X e P a i,..., a fc-i | TTk(x) € TV k (R a l^ a k)}. 

Then P a i a k is a fc-dimensional cuboid times the (n — fc)-dimensional staircase 
R a i a k. The £th side length is given as the "height" of R a i a i in R a i a i-\. By a 
slight abuse of notation 

P a \...,a* =]0, a\]x]al, (a 1 V a 2 ) 2 ] x • • • x](a 1 V • • • V a k ~ 1 ) k , (a 1 V • • • V a k ) k ] x R a i^ a u. 

In particular, 

(4.2) P a i ... „ =]0, a\] X]ai (a 1 V a 2 ) 2 ] x • • • x](a 1 V • • • V a 71 " 1 )^ (a 1 V • • • V a r %}. 
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Note that P a i a k is in fact a staircase with origin ifc( 7r fc( al V • • • V a k )), outer corners 
a G A a i a k{n), and inner corners a 1 V • • • V a k and ik{^k{b)), where b G A* x fc (l)- 
By inductively applying Claims 14.51 and 14.61 we get that for each k the set of (non- 
vanishing) P a i a k gives a partition of S. 

Claim 4.9. If a € A(n) is contained in A a i a k, then S a C P a i a k. 

Proof. First note that 

k 

(4.3) S a = {x< a}n(s\ (J S p ) c{x< a}n (s\ \J \J S^. 

/3> ct q i=lft=ai,..., y 9 J _i=Q!j_i,/9j>Q!j 

Next, assume that a G A a i a fc(?i) and pick j < k. Let a := a 1 V • • • V a J , and 
let /3 be an outer corner of S such that f3\ = a\ , . . . , (3j—i = Oj-i, and f3j > a,j. 
Assume that x G P a i a j satisfies x < (3. Then fa > X£ > a^ for i = j + 1, . . . , n, so 
that f$i > a,£ for t = j, . . . , n. But this cannot happen since a is an inner corner of 



S/3 H P a 1 ,. ...a? ^> SpH P„i 



a\...,a" 



R a i ... oj-i. Thus 



and it follows that 



P a i,...,a*C5\(g |J 5/J 

jr'=l/3i=ai,...,/3j_i=o J _i,/3 j >a :l J<fc 

Since a G P a i a fc and P a i a k is a staircase and thus a lower set we conclude that 
the rightmost expression in (j4.3|) is contained in P a i a k and thus S a C P a \ a k. 

D 



Recall from Section [3.11 that A i a n is just the simplex a G A(n) with vertices 
a , . . . ,a n . On the other hand, each outer corner a gives rise to a nonempty P a := 
Pa 1 a n by choosing of- as the x^-vertex of a, cf. Section [31 By Claim |4"UI S a C P Q 
and since both P a and S^ give partitions of S, we conclude that S a = P a . 

Now given I = {i\, . . . ,i n } G A(n) we choose a as the x^-vertex a ir <^K Then 
Lemma 14.11 follows in light of (j4.2|) . 

For a general choice of a the above proof works verbatim, with coordinates xi and 
variables zi replaced by x a rg\ and z^tA, respectively, and n replaced by r. 



4.2. Computing dip. Let us now compute the e^-entry of d a (p for a given I 
{ii, . . . ,i n } G A(n). Recall from (|3.ip that 

(4.4) v9 fc = V (_ 1 )i-i z « < iv...va*i-««iv...a < i...v« < i^ f „ , y 



e X' + Vk 



l'={i' 1 ,...,i' k }CX 
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where (p' k are the remaining terms that will not contribute to the ej-entry. It follows 
that the coefficient of ej in d ff (p equals 



(4.5) 

Z U>Z<t(1) A q 

2<r(l) 5^a(2) 

_^ ^T(l) v ... Va Mn-l)_ V(l) v ... Vo V- 2 ) 

5<r(n-l) 

9 V-Wv-VaM'^-aMlW-.-VaM™- 1 ) 



// -n\ V^ / \ L/ „V(1) , C „ 't 1 )\/„'t 2 „'t(1) , 

sgn((n,...,l)) Vsgn(tan)- z a (, ^ ff(1) A- z a ,Va u — U cfe ff(2) 

■ ^a' T ( 1 )V---Va' T ("- 1 )-a v ( 1 )v---Va " " ,.. 

A '" A a — ; T z »^tr(n-l)A 



where the sum is over all permutations r of {1, . . . , n}. 

Note that z a T 1 v '" Va ~ a T x v-va r k - 1 j g a monom i a i i n the variables -2^-i ( r (fc)) , • • • , 2^-1 (r(n)) • 
Therefore the last factor in _F T vanishes unless r(n) = Tj(cr(n)). Given, r(n) = 
rj(cr(n)), the next to last factor vanishes unless r(n — 1) = r](a(n — 1)) etc. To 
conclude, F T , where r = i] o a, is the only nonvanishing term in (|4.5p . 

Now with t = rj o a, 



(4.6) F T = sgn(r) x aj$ x (a^W V a^ 2 ) - a^ 1 )) 



a(2) 



«'■■-■" v ■••• Vh' -»'-■""' V---Vr/'- '<] /Wv-V^M ZfT (") a--- A Zct(1) 



°"(™) Z cr(n) Z cr(l) 

sgn(?7) Vol(S' (TiQ ,)2: cl ^ 1 (i2; n A • • • A dzi, 

where the last equality follows from Lemma 14.11 This concludes the proof of Theo- 
rem [T7TJ 

5. Examples 

Let us illustrate Theorem II .11 by some examples. 

Example 5.1. Assume that n = 1. Then each monomial ideal M is a principal ideal 
generated by a monomial z a . The staircase of M is just the line segment ]0, a] C R>o 
with one outer corner a = a so that S a = S. Moreover, the Scarf complex is just a 

point with label z a , and thus the Scarf resolution is just — >■ A — > A. Thus in this 
case Theorem 1 1 . 1 1 i ust reads 

dip = d(z a ) = Vol(]0, a]) z a ~ 1 dz = az a ~ 1 dz. 

a 

Example 5.2. Assume that n = 2. Then each Artinian monomial ideal is of the form 
M = (z® 1 z 2 1 , ■ ■ ■ , z^ r z 2 r ) for some integers a\ > . . . > a r = and = b\ < . . . < b r . 
Since no two minimal monomial generators have the same positive degree in any 
variable, M is trivially generic. In this case the staircase of M looks like a actual 
staircase with inner corners (aj,bj) and outer corners a? := (aj, 6j+i), see Figure 5.1. 
Note that a = (1,2) corresponds to the ordering a 1 > a ... > a a r_1 of the outer 
corners and 

S {i,2),ai = {x € R> | < xi < aj, bj <x 2 < b j+ i}, 
whereas a = (2, 1) corresponds to the reverse ordering of the outer corners and so 

S {2,l),ai = i x € R >o I a j+l <Xi<aj,0<X 2 < bj+i}, 



11 



ELIZABETH WULCAN 



vi"-l 



l(«J+l)ftj+l) 
a? 



o n 



s n 



Or, 



FIGURE 5.1. The staircase S of M in Example 15.21 and the partitions 
{S a j}j = {S aa j}j of S corresponding to the permutations a = (1,2) 
and a = (2, 1), respectively. 




~ZL 



FIGURE 5.2. The staircase of M in Example 15.31 and the parti- 
tions {S aJ }j corresponding to the orderings a 1 , a 2 , a 3 , a 4 , a 5 and 
a 2 , a 5 , a 3 , o : , a 1 , respectively. 



see Figure 5.1. Thus, the partitions just correspond to vertical and horisontal, re- 
spectively, slicing of S. 

In this case the Scarf complex is a line segment, and it is not very hard to directly 
compute dip, cf. \UW\ Section 7]. □ 

Example 5.3. Let M be the generic monomial ideal M = (z 3 , z 2 Z2, z\z 2 z 2 , z|, z^z^-, zf). 
The staircase S of M, depicted in Figure 5.2, has five outer corners, a 1 = (3, 1,3), 
a 2 = (2,4,1), a 3 = (2,3,2), a 4 = (2,2,3), and a 5 = (1,3,3). The six different 
permutations a of {1, 2, 3} give rise to six different orderings of the a J : for example 
c 1 := (1,2,3) and a 2 := (2,3,1) correspond to the orderings a 1 > a a 2 > a a 3 > a 
a 4 >o- a 5 and a 2 > a a 5 > a a 3 > a a 4 > a a 1 , respectively. In the first case S a i a i is 
the cuboid ]0, 3]x]0, l]x]0, 3], S ctV 2 =]0,2]x]l,4]x]0, 1], S^a =]0, 2]x]l, 3]x]'l, 2], 
5^4 =]0,2]x]l,2]x]2,3], and SJi^s =]0, l]x]2, 3] x]2,3], see Figure 5.2, where also 
the S a 2 a j are depicted. 

□ 

6. General (monomial) ideals 

The Scarf resolution is an instance of a more general construction of so-called 
cellular resolutions of monomial ideals, introduced by Bayer-Sturmfels [BSJ. The 
Scarf complex is then replaced by a more general oriented polyhedral cell complex 
X, with vertices corresponding to and labeled by the generators of the monomial 
ideal M; as above a face 7 of X is labeled by the least common multiple m 7 of the 
vertices. Analogously to the Scarf complex X encodes a graded complex of free A- 
modules: for k = 0, . . . ,dimA" + 1, let Ek be a free A-module of rank equal to the 
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FIGURE 6.1. The staircase of M in Example 16.11 the partitions S a i 
and S a 2 corresponding to the orderings a 1 , a 2 and a 2 , a 1 , respectively, 
and the hull complex of M. 
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number of (k — l)-dimensional faces of X and let ipk : Ey. —> E^-i be defined by 
(fk : e-y i— > Ylscy s & n (<5> 7) m le <5' wnere 7 an d 6 are faces of X of dimension k — 1 
and k — 2, respectively, and where sgn(<5, 7) = ±1 comes from the orientation of X. 
The complex E 9 , ip m is exact if X satisfies a certain acyclicity condition see, e.g., |MSl 
Proposition 4.5], and thus gives a resolution - a so-called cellular resolution - of the 
cokernel of ipo, which, with the identification E-\ = A equals A/M . For more details 
we refer to [BSJ or [MSJ. 

In |BS| was also introduced a certain canonical choice of X. Given t £ R, let 
V t = V t (M) be the convex hull in R n of {(t ai , . . . ,t a ") \ z a G M}. Then V t is a 
unbounded polyhedron in R n of dimension n and the face poset (i.e., the set of faces 
partially ordered by inclusion) of bounded faces of Vt is independent of t if t S> 0. 
The hull complex of M is the polyhedral cell complex of all bounded faces of Vt 
for t ^> 0. The corresponding complex E,,ip 9 is exact and thus gives a resolution, 
the hull resolution, of A/M. It is in general not minimal, but it has length at most 
n. If M is generic, however, the Hull complex coincides with the Scarf complex; in 
particular it is minimal. 

In |LW] together with Larkang we computed the residue current R associated with 
the hull resolution, or any cellular resolution where the underlying polyhedral complex 
X is a polyhedral subdivision of the (n — l)-simplex, of an Artinian monomial ideal. 
Theorem 5.1 in |LW| states that R is of the form (|1.9p . where the sum is now over 
all top-dimensional faces (with label a) of X and sgn(a) comes from the orientation 
of X. 

Note that the definition of S aM still makes sense when M is a general Artinian 
monomial ideal. However, in general the S Uta will not be cuboids as the following 
example shows. 

Example 6.1. Let M = (z 2 , Z1Z2, z±z^, z 2 , z 2 ). Then M is not generic, since there is 
no generator that strictly divides lcm(ziZ2, Z1Z3) = Z1Z2Z3. 

The staircase 5 of M is depicted in Figure 6.1. Note that 5 has two outer corners 
a 1 = (2,2,1) and a 2 = (1,1,2). 

Assume that a is a permutation of {1, 2, 3} such that <r(l) equals 1 or 2. Then the 
lexicographical order of the outer corners is a 1 > a a 2 . Otherwise, if <r(l) = 3, the 
lexicographical order is reversed. In the first case S a i is the cuboid ]0, 2] x]0, 2] x]0, 1], 
and S a 2 is the cuboid ]0, 1] x]0, 1] x]l, 2], see Figure 6.1. In the second case S a 2 is the 
cuboid ]0, 1] x]0, 1] x]0, 2], whereas S a i is the set ]0, 2] x]0, 2] x]0, 1]\]0, 1] x]0, 1] x]0, 1]; 
in particular S a i is not a cuboid. 
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In this case, the hull resolution is a minimal resolution of A/M. There are 
two top-dimensional faces in the hull complex, with vertices {zf, Z1Z2, Z\z^, z|} and 
{z\Z2, Z1Z3, z|} and thus labels z a and z a , respectively, see Figure 6.1. A computa- 
tion yields that if cr(l) = 3, then the coefficient of sgn(a 1 )z a ~ 1 dze* 1 is 3 = Vol(S aa i) 

and the coefficient of sgn(a 2 )z a ~ 1 dze* 2 is 2 = Vol(S aa 2). Otherwise the coefficients 
are 4 = Vo\(S a a i) and 1 = Vol(5 crQ ,2), respectively. Thus in this case Theorem ll.il 
holds. □ 

Example 16.11 suggests that Theorem 1 1.1 1 might hold when (|1.2p is the hull resolution 
of an Artinian monomial and this resolution is minimal. However, we do not know 
how to prove it in general. The proof in Section H] does not extend to this situation. 
For example the staircases R a constructed in Section 14. II are not disjoint in general, 
cf. Claim 1431 Consider the inner corners a = (1, 1,0) and b = (1, 0, 1) of the staircase 
S in Example 16.11 Then 

R a nR b = {x gR 3 |j;i = 1,1<Xj < 2,j = 2,3}. 

Also, the computation of dip is more involved in this case. Indeed, in general it is not 
true that the coefficient of ej in (|1.8|l just consists of one term as in (|4,5p . 

Example 16.21 below shows that Theorem 11.11 does not hold unless the hull resolu- 
tion is minimal, and also that it does not hold for arbitrary minimal resolutions of 
monomial ideals. Still in all examples we have computed Corollary 11.21 holds . which 
motivates the question whether (|1.10p holds for all resolutions of minimal length. 
Note that this question can be asked also for resolutions E 9 , (p m of general Artinian 
ideals in A. One could also ask for a description of the form dip in terms of the 
staircase (of an initial ideal) of a. 

Example 6.2. Let M = (zf, z\z\, Z\z%, z\, Z2Z3, z 2 ). Then M is not generic; for exam- 
ple, as in Example l6.ll there is no generator of M that strictly divides lcm(zxZ2, Z1Z3) = 
Z1Z2Z3. The staircase of M has three outer corners, a 1 = (3, 2, 1), a 2 = (2, 3, 1), and 
a 3 = (1,1,2). 

In this case the hull resolution is not minimal. The hull complex consists of four 
triangles; one triangle a? for each outer corner and one extra triangle /3 with ver- 
tices {zfz2,ziz^,Z2Z^} and thus label z@ = zfz 2 z^, see Figure 6.2. A computa- 
tion yields that the coefficient of sgn(a 3 )2: Q ~ 1 dze* 3 in d a ip equals \o\(S aa -i) for 
all a. The coefficient of sgn(a 1 )2: Q -1 (ize* 1 in ^(3^2)^, however, equals 4, whereas 

Vol (Sy 3 12) a 1 ) = 5- By symmetry, the coefficient of sgn(a 2 )z a ~ 1 dze*^ 2 in ^(3, 2,1)92 i s 
4 and Vo1(Sy3 2 1) ^2) = 5. Thus Theorem 1 1 . 1 1 does not hold in this case. 

However, Corollary II .21 still holds. This follows using (|1.9|) , since the coefficient of 
sgn(f3)z"~ 1 dze : a in d a ip is 1 for a = (3, 1, 2) and a = (3, 2, 1) and otherwise, cf. the 
beginning of this section. 

One can create a minimal cellular resolution from the hull complex, e.g., by re- 
moving the edge between z\z\ and z\z^. The polyhedral cell complex X so obtained 
has one top-dimensional face for each outer corner a? in S. The face corresponding 
to a 1 is the union of the two triangles a 1 and /3 in the hull complex, see Figure 6.2. 
It turns out that the coefficient of sgn(a 1 )z a ~ 1 dze* 1 in d a ip is the sum of the coeffi- 
cients of sgn(a 1 )z a ~ 1 dze*^ 1 and sgn(/3) z^^ 1 dze*a for each a, whereas the coefficients 
of sgn(a 2 )z a ~ 1 dze* 2 and sgn(a 3 )z Q ~ 1 dze* 3 are the same as above. In particular, 
this means that the coefficients of sgn(a J )2; a dze*j equal Vol(5 . Q ,i) for each a? 



300 



ON THE FUNDAMENTAL CLASS 
002 002 




220 



030 



300 



220 



IT 




030 



FIGURE 6.2. The hull complex of the ideal M in Example 1531 (labels 
on vertices and 2-faces) (left) and the minimal free resolution (right). 



for all a except a = (3,2,1), in which case the coefficient of sgn(a 1 )z a 1 dze* 1 , 
sgn(a 2 )z a ~ 1 dze* a 2, and sgn(a 2 )z a ~ 1 dze* a3 equal Vol(S aa i) + 1 Vol(5 e a ) — 1, and 
Vol(<Se 3 ), respectively. To sum up, Corollary II . 21 holds but Theorem 1 1 . 1 1 fails to hold 
also in this case. 

□ 
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